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Introduction
The problem of finding a consistent probability interpretation for Klein-Gordon fields is almost as old as quantum mechanics. It was this problem that led Dirac to consider his celebrated field equation for the spin half particles. Although the discovery of the Dirac equation had an overwhelming impact on the development of modern physics and mathematics, it did not solve the problem of the probability interpretation for Klein-Gordon fields. This problem was actually put aside after Dirac's discovery of the method of second quantization. The first quantized scalar fields have limited applications in relativistic quantum mechanics. They are also plagued by the so-called Klein paradox whose resolution calls for a second quantized field theoretic treatment. These are the main reasons why the issue of the probability interpretation for Klein-Gordon fields did not attract much attention in the 1930s-1950s.
The situation changed drastically in the 1960's by the advent of quantum cosmology and the Wheeler-DeWitt equation. This is a Klein-Gordon type field equation whose solution is identified with the wave function of the universe. The interest in finding a consistent probability interpretation for Klein-Gordon fields was therefore revived as it constituted a fundamental obstacle in trying to make sense of quantum cosmology. Unlike the case of the Klein-Gordon fields, the method of second quantization and Dirac's trick of considering an associated first order field equation cannot be used to escape dealing with this problem in quantum cosmology [1, 2, 3, 5, 4] . As a complete solution was out of reach, various partial solutions or rather attempts to avoid this problem were considered in the literature. These are either based on the invariant but indefinite Klein-Gordon inner-product which was originally proposed in DeWitt's pioneering article [6] and further developed by others [7, 8] , or use the Wheeler-DeWitt field to define a conditional probability [9, 10] . These attempts have however been subject to controversy and criticism; see for example [1, 2] .
In mathematical terms, devising a consistent probability interpretation for the solutions of a field equation is equivalent to finding an invariant positive-definite inner product on the space of solutions of this equation. Here the invariance of the inner product means that the inner product of two solutions is independent of time. This in turn brings up the notorious 'problem of time' [1, 2, 10, 3] . Disregarding this problem, i.e., assuming that a time-variable is selected, reduces the goal of finding a probability interpretation for the Wheeler-DeWitt field to the construction of an invariant positive-definite inner product on the solution space of the Wheeler-DeWitt equation, i.e., to address the so-called Hilbert space problem [1] . The first successful attempt in this direction is due to Woodard [11] who made use of the idea of gauge-fixing the Wheeler-DeWitt symmetry. More recently, a closely related approach, namely the method of refined algebraic quantization and group averaging, has been developed [12] . This approach is technically involved and so far could only be employed in the study of some special models. For a related development, see [13] .
The purpose of this article is to use the recent results on pseudo-Hermitian Hamiltonians [14, 15, 16, 17, 18] to address the problem of the existence/construction and uniqueness/classification of the invariant positive-definite inner products on the space of solutions of a Klein-Gordon type field equation.
The organization of the article is as follows. In Section 2, we present a brief review of the basic properties of pseudo-Hermitian Hamiltonians. In Section 3, we discuss a formulation of quantum mechanics for a system with a time-dependent Hilbert space. In Section 4, we consider the application of the theory of pseudo-Hermitian operators to a class of generic Klein-Gordon type field equations. In Sections 5-8, we apply our general results to a classical harmonic oscillator, the free Klein-Gordon equation, and the Wheeler-DeWitt equation for the FRWmassive-real-scalar-field models, respectively. Finally in Section 9, we present a summary of our findings and discuss their implications.
Pseudo-Hermitian Hamiltonians
We begin our survey of the properties of pseudo-Hermitian operators by recalling that given a linear, Hermitian, invertible operator η : H → H acting in a Hilbert space H with inner product | , the function | η : H 2 → C defined by
is a possibly indefinite inner product on H. For brevity we shall call the latter a pseudo-inner product. In precise terms, a pseudo-inner product | on a vector space H is a quadratic form (i.e., it maps any two elements ψ 1 and ψ 2 of H to a complex number) with the following properties [19] . 3. It is sesquilinear, i.e., for all ψ 1 , ψ 2 , ψ 3 ∈ H and for all α, β ∈ C,
It is not difficult to observe that any pseudo-inner product on a Hilbert space H is of the form | η for some linear, Hermitian, invertible operator η : H → H.
A linear operator H : H → H is said to be pseudo-Hermitian [14] if there is a linear, Hermitian, invertible operator η : H → H such that
A pseudo-Hermitian operator together with a given operator η satisfying (2) is said to be η-pseudo-Hermitian.
The basic properties of pseudo-Hermitian operators are the following [14, 15, 16, 18] .
Theorem I: H is η-pseudo-Hermitian if and only if it is Hermitian with respect to the pseudo-inner product | η , i.e., for all ψ 1 , ψ 2 ∈ H, ψ 1 |Hψ 2 η = Hψ 1 |ψ 2 η .
Theorem II: Let H be the Hamiltonian of a quantum system and η be a linear, Hermitian, invertible operator. Suppose that η is time-independent, then H is η-pseudo-Hermitian if and only if the pseudo-inner product | η is a dynamical invariant. That is given any two solutions ψ 1 (t) and ψ 2 (t) of the Schrödinger equation,
ψ 1 (t)|ψ 2 (t) η does not depend on time. If η depends on time, the pseudo-Hermiticity of
the following are equivalent.
1. The eigenvalues of H are either real or come in complex-conjugate pairs. In this case we say that H has a pseudo-real spectrum;
2. H is pseudo-Hermitian;
3. H admits an antilinear symmetry generated by an invertible antilinear operator
Theorem IV: Let H be a diagonalizable Hamiltonian with a discrete spectrum. Then the following are equivalent.
1. H has a real spectrum;
Equivalently, H is η-pseudo-Hermitian for a positive operator η;
3. H is related to a Hermitian operator by a similarity transformation. Following [20] , we then call H quasi-Hermitian;
4. H is Hermitian with respect to a positive-definite inner product.
As pointed out in [17, 18] , for a given pseudo-Hermitian diagonalizable Hamiltonian H the linear, Hermitian, invertible operators η that make H η-pseudo-Hermitian are, up to the choice of the eigenbasis of H, classified by a set of signs σ n 0 ; η has the general form
where n 0 , n+ and n− are respectively the spectral labels associated with the eigenvalues with zero, positive, and negative imaginary parts, and |φ n , with n = n 0 , n+, n−, are the eigenvectors of H † that together with the eigenvectors |ψ n of H form a complete biorthonormal system, i.e., they satisfy
In view of Eqs. (5) and (6), ψ n 0 |ψ n 0 η = σ n 0 , and ψ n± |ψ n± η = 0. Therefore, the eigenvectors with complex eigenvalues have zero pseudo-norm; they are null (or ghost) vectors. Furthermore, suppose that we adopt the inner product corresponding to the operator:
which is obtained by setting σ n 0 = + for all n 0 . Then the eigenvectors with real eigenvalue have positive norm (squared). In particular, if the spectrum is real, the inner product | η + is positive-definite, [21] . This is precisely the inner product whose existence is ensured by Theorem IV.
It is important to note that the operator η + and the corresponding invariant inner product, which makes the norm (squared) of the eigenvectors with a real eigenvalue positive, are only unique up to the choice of the biorthonormal basis system {|ψ n , |φ n }. This means that choosing different biorthonormal systems, one obtains different η + and | η + . Under a change of the eigenbasis vectors |ψ n → |ψ n , there is an invertible linear operator A : H → H such that |ψ n = A −1 |ψ n , |φ n → |φ n = A † |φ n , and consequently
Note that the operator A maps an eigenvector to another eigenvector with the same eigenvalue.
This suggests that A generates a symmetry of the Hamiltonian, i.e.,
This can indeed be directly checked using the spectral resolution of the Hamiltonian:
Therefore, the operator η + of Eq. (7) We wish to conclude this section with the following remarks.
1. The term 'pseudo-Hermitian' was introduced in [14] . But it turns out that mathematicians [21] had developed similar concepts in the study of vector spaces with an indefinite metric, and Pauli [22] had made use of these concepts in his study of a formulation of the quantum electrodynamics due to Dirac [23] . Note however that there is an important difference between the approach pursued in the context of spaces with an indefinite metric (including Pauli's contribution) and the point of view adopted in [14] . While in the former one considers a space with a given η, in the latter one formulates the concept of pseudoHermiticity without having to fix a specific η. In fact, as emphasized in [17] and discussed above, η is not unique. In particular for a given η-pseudo-Hermitian Hamiltonian with a nonpositive η, if the spectrum of H is real, one can construct another η which is positive and use it to obtain a positive-definite inner product with respect to which H is Hermitian. In fact, as discussed above and shown in [18] the most general positive-definite inner product with this property has the form | η + whereη + is given by (8) . This observation is the basic idea of the present article.
2. Here and also in Refs. [14, 15, 16, 17] we have given the relevant formulas for diagonalizable
Hamiltonians with a discrete spectrum. In Ref. [24] , we show how one can relax the diagonalizability condition. Also as noted in [16] , the presence of a continuous part of the spectrum does not cause any serious problems. If the spectrum is continuous, we treat the spectral label n as a continuous variable, replace the summations with integrations, and change the Kronecker deltas to Dirac deltas.
Unitary Evolutions in a Time-Dependent Hilbert Space
Let H(t) be a time-dependent pseudo-Hermitian Hamiltonian. Then in general the vectors |φ n and consequently η + and | η + are also time-dependent. Therefore, H(t) is Hermitian with respect to the inner product | η + , but the evolution is not unitary. In fact, the Hermiticity of H(t) is neither necessary nor sufficient for the unitarity of the evolution. 1 This observation shows how having a time-dependent Hilbert space contradicts some of the established facts about ordinary quantum mechanics where the Hilbert space is stationary. It also raises the issue of the existence and uniqueness (or classification) of the inner products that make the evolution unitary.
The following theorem provides a characterization of the inner products supporting a unitary evolution.
Theorem V: Let H : H → H be a possibly time-dependent and non-Hermitian Hamiltonian acting in a Hilbert space H. Then the evolution described by the Schrödinger equation (3) is unitary if and only if H is endowed with the pseudo-inner product
where
t 0 is the initial time, η 0 : H → H is a Hermitian, invertible, linear operator,
is the evolution operator, and T is the time-ordering operator.
1 The only exception to this statement is when at least one of the eigenvalues of the Hamiltonian is timedependent, but all its eigenvectors are constant. The latter is precisely the condition of the exactness of the adiabatic approximation [25, 26] .
Proof: First note that every pseudo-inner product can be written in the form (11) for some Hermitian, invertible, linear operator η inv : H → H. Now, take two arbitrary solutions ψ 1 and ψ 2 of the Schrödinger equation (3) and demand that ψ 1 |ψ 2 inv is constant, i.e., for all t
. The latter equation is equivalent to (12) with
In case of a time-independent Hamiltonian H, the unitarity condition is equivalent to the Hermiticity of H with respect to | inv or alternatively its η inv -pseudo-Hermiticity. This implies that one may choose η inv to be time-independent as well, i.e., set
It is not difficult to check that in this case the evolution operator
and Eqs. (14) and (12) are identical. This observation also suggests a natural choice for η 0 in the general case where H is time-dependent, namely to take η 0 to be a Hermitian, invertible, linear operator with respect to which the initial Hamiltonian H(t 0 ) is pseudo-Hermitian. In particular, if H is diagonalizable and has a discrete spectrum, we may identify η 0 withη + . In this way, the invariant inner product
is positive-definite if H has a real spectrum.
In summary, we have outlined a formulation of unitary quantum dynamics using a timedependent pseudo-Hermitian Hamiltonian H(t) that acts in a fixed Hilbert space. This formulation relies on the idea of changing the original inner product | of the Hilbert space into an invariant inner product | inv = |η inv (t)| which is generally time-dependent. The latter is defined in an essentially unique way in terms of the inner product at the initial time t 0 . For the case that H(t) is diagonalizable and has a real spectrum, the natural choice for
is a positive operatorη + with respect to which H(t 0 ) is pseudo-Hermitian. This choice is consistent with the fact that a time-independent Hamiltonian supports a unitary evolution (with respect to some inner product) if and only if it is pseudo-Hermitian. In particular, if H(t) is Hermitian, the invariant inner product | inv reduces to the original inner product | on H.
Therefore, our treatment is a generalization of the ordinary unitary quantum mechanics with a fixed Hilbert space.
Klein-Gordon Type Evolution Equations
Consider a physical system with a linear evolution equation. Then it is well-known that the solution space of this equation is isomorphic as a vector space to the space of all possible initial data. In nonrelativistic quantum mechanics the evolution equation is the time-dependent Schrödinger equation (3) which is first order in time. Therefore the solution space, which we identify with the physical Hilbert space, is isomorphic to the vector space of the initial state vectors. This vector space isomorphism may be promoted to a Hilbert space isomorphism, because the inner product of any two solutions is independent of time. Therefore, we may view the Hilbert space either as the space of initial conditions or the space of solutions of the Schrödinger equation. In the following we shall use this dual picture of the Hilbert space in the study of a class of linear evolution equations which are second order in time.
Consider the evolution equations of the form
where a dot denotes a time-derivative, ψ belongs to a Hilbert spaceH with inner product | , and D :H →H is a possibly time-dependent linear Hermitian operator. Because Eq. (17) involves a second order derivative with respect to time t, the dynamics is determined by two initial conditions ψ(t 0 ) andψ(t 0 ), or any two linearly independent linear combinations,
of ψ(t 0 ) andψ(t 0 ). In Eqs. (18), a, b, c, and d are the entries of an invertible complex 2 × 2 matrix g. Now, suppose that the field equation (17) describes the dynamics of a physical system. The states of the system are represented by the solutions of this equation, and the phase space is identified with the space of solutions of this equation modulo its symmetries. The space of solutions is isomorphic (as a vector space) to the space of the initial conditions. The latter has the vector space structure of
for an initial state vector may be represented as
This observation suggests a two-component formulation of the dynamics of the system which makes its phase space structure transparent. In this formulation, the state vectors of the system belong to H, and the evolution equation (17) 
and λ is an arbitrary nonzero real parameter which has the dimension of time.
The choice of the two-component state vector (20) is obviously not unique. The general form of a two-component state vector is Ψ g(t) = g(t)Ψ where g(t) is a time-dependent element of the general linear group GL(2, C). Eq. (17) is equivalent to the Schrödinger equation
given by
The choice of g(t) is completely arbitrary. As suggested by Eq. (22) this arbitrariness has its root in a nonphysical GL(2, C) gauge symmetry of the two-component formulation of the dynamics.
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In the following we shall set g(t) = 1. This is a partial gauge-fixing as the arbitrariness in the value of the parameter λ is intact. In fact, one can show that changing λ corresponds to gauge transformations associated with a GL(1, R) subgroup of GL(2, C), [28] . As we shall see, our final results will be independent of λ.
The eigenvalue problem for the Hamiltonian (21) may be easily solved. The eigenvalues E n and the corresponding eigenvectors Ψ n are given by
where ω n and φ n satisfy
Because D is a Hermitian operator, its eigenvalues ω 2 n are real and its eigenvectors φ n are orthogonal. This implies that the eigenvalues E n of H are either real or come in complexconjugate pairs; the spectrum is pseudo-real. In view of Theorem III, this suggests that H is pseudo-Hermitian. Note that H is not Hermitian with respect to the L 2 -inner product on H,
and that a loss of diagonalizability occurs if zero belongs to the spectrum of D. This is precisely the situation considered in Ref. [24] . As shown in [24] this type of loss of diagonalizability does not violate the equivalence of the pseudo-reality of the spectrum and the pseudo-Hermiticity of the Hamiltonian. In fact the latter can be directly verified; a simple calculation shows that H is σ 3 -pseudo-Hermitian where σ 3 is the Pauli matrix σ 3 = diag(1, −1). Because σ 3 does not depend on time, it defines an invariant albeit indefinite pseudo-inner product, namely
2 Sometimes one may use this gauge symmetry to simplify the analysis of the problem at hand. A good example is the two-component formulation of the Klein-Gordon equation in Bianchi type background spacetimes [27] .
Here and in what follows the two-component state vectors Ψ i , with i = 1, 2, are related to the one-component state vectors ψ i according to (20) . The invariant inner product (24) is known as the Klein-Gordon inner product.
Next, consider the special case where the spectrum of D is positive, discrete, and nondegenerate. Then H has a real, discrete, and nondegenerate spectrum, and as discussed in Section 2 it is Hermitian with respect to the positive-definite inner product | η + . In order to compute η + , we first suppose that the spectral label n takes nonnegative integer values, let ω n ∈ R + , and express the eigenvalues and the eigenvectors of H in the form
We also assume without loss of generality that φ n form a complete orthonormal set of eigen-
Now, we can calculate the eigenvectors Φ ±,n of H † and the operator
This yields
where we have made use of (27) and
It is not difficult to check that indeed {Ψ ±,n , Φ ±,n } forms a complete biorthonormal system for H.
Having obtained η + we can compute the inner product | η + for any pair Ψ 1 and Ψ 2 of evolving two-component state vectors (20) . The resulting expression, namely
is surprisingly simple. One can check that indeed (32) is a positive-definite inner product on H and that H is Hermitian with respect to this inner product.
Now, suppose that D does not depend on time. Then η + and the inner product | η + are time-independent and as a consequence of Theorem II, | η + is an invariant inner product.
In particular, we can introduce
which does not involve the arbitrary parameter λ and therefore defines an invariant positivedefinite inner product on the space of solutions of the original evolution equation (17) .
Recall that in quantum mechanics, it is the ratios of the inner products of the state vectors that enter in the calculation of the physical quantities. Therefore, the inner products (32) and (33) are physically equivalent.
As we pointed out in Section 2, η + and the corresponding inner products | η + and (( , )) η + are not unique. The most general positive operatorη + with respect to which the Hamiltonian (21) is pseudo-Hermitian is given by Eq. (8) where A has the general form
and a ± n are nonzero complex numbers. Substituting (28) and (34) in (8), making use of the fact that {Ψ ±,n , Φ ±,n } is a complete biorthonormal system, and employing Eqs. (29) and (31), we find
where L ± :H →H are linear operators defined by
As seen from this equation L ± are Hermitian operators commuting with D, and A ± := L + ±L − are positive operator. Next, we compute the inner product | η + . In view of Eqs. (20), (35), and (31), we obtain after a rather lengthy calculation,
The fact that the nonphysical parameter λ just scales the inner product (37) and therefore allows for the introduction of the positive-definite inner product,
is very remarkable. The following theorem summarizes our results for the case that D is time-independent.
3 In fact λ is present throughout the above calculation till the very last step where its contributions to various terms in Ψ 1 |Ψ n η+ cancel almost miraculously and only the trivial multiplicative factor λ 2 survives.
Theorem VI: Consider the evolution equationψ + Dψ = 0 where D is a Hermitian operator acting in a Hilbert spaceH and has a real, positive, discrete, and nondegenerate spectrum. Then if D does not depend on time, the general form of an invariant positivedefinite inner product on the space of solutions of the evolution equation is given by
where L ± are Hermitian operators acting inH such that A ± := L + ± L − are positive operators commuting with D.
Furthermore, in light of Theorem V, we have:
Theorem VII: Let D be as in Theorem VI, but suppose that it depends on time. Then an invariant positive-definite inner product on the solution space of the evolution equation ψ + Dψ = 0 that reduces to (39) for time-independent D has the form,
where ψ i , with i = 1, 2, are any two solutions, t 0 is the initial time, and (( , )) is given by Eq. (39).
As a final note of this section, we wish to emphasize that the restriction that the spectrum of D be nondegenerate may be lifted without any reservations; Theorems VI and VII hold for the cases that D has degenerate eigenvalues.
Classical Simple Harmonic Oscillator
Consider the classical equation of motion for a simple harmonic oscillator of frequency ω, i.e.,
This is clearly a special case of a Klein-Gordon type evolution equation (17) . We can apply the results of Section 4, by setting ψ = x, D = ω 2 ,H = C, and H = C 2 . As in this case D is the operation of multiplication by the positive real number ω 2 , we have n = 0, ω 0 = ω,
, and D −1/2 = ω −1 . We can also set φ 0 = 1. Furthermore, the positive-definite inner product (38) (alternatively (39)) takes the form It is instructive to compute the inner product of the basic complex solutions
where ǫ = ±. The result is
where ǫ, ǫ ′ = ±. Eq. (43) offers a clear demonstration of the invariance and positive-definiteness of the inner product (( , ))η + . Choosing L + = 1 and L − = 0, so that A ± = 1, we haveη + = η + and ((ζ ǫ ′ , ζ ǫ )) η + = δ ǫ ′ ǫ . Hence, the basic solutions are orthonormal with respect to the inner product (( , )) η + . This is in contrast with the Klein-Gordon inner product (24),
which is clearly indefinite. The difference becomes even more drastic if we consider the basic real solutions z 1 = sin(ωt) and z 2 = cos(ωt) which have zero Klein-Gordon norm but positive real norm in the inner product (( , ))η + or (( , )) η + .
If the frequency ω depends on time, the inner product (( , ))η + and in particular (( , )) η + fail to be invariant. In this case, one makes use of Theorem VII and obtains the following expression for a general invariant positive-definite inner product which is valid for both time-dependent and time-independent frequencies.
Klein-Gordon Equation
Another special case of the evolution equation (17) is the Klein-Gordon equation
where a dot means a derivative with respect to has been used in the study of the relativistic geometric phases [28, 27] . A detailed textbook treatment is offered in [30] .
We can express Eq. (44) in the form (17) by setting
Obviously, D is a positive Hermitian operator acting inH = L 2 (R 3 ). But it has a degenerate and continuous spectrum. Although we have stated our general results for the case that D has a discrete and nondegenerate spectrum, we can check that they apply to this case. As we pointed out earlier, the degeneracy of the spectrum can be easily incorporated into our method, and we can treat the continuous spectrum of D as the limit of the discrete spectrum corresponding to the approximation in which one identifies the space R 3 with the volume of a cube of side ℓ as ℓ tends to infinity.
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In this section we shall replace the spectral label n by the vector k ∈ R 3 . This is because the eigenvectors of D and the corresponding eigenvalues are respectively given by
where k 2 := k · k. We can apply the results of Section 4 provided that we make the following
For example, applying (47) to (27), we obtain the orthonormality and completeness conditions for φ k and the spectral resolution of D, namely
The eigenvectors Ψ ±, k and the eigenvalues E ±, k of the Hamiltonian (21) are respectively given by Eqs. (26) and (25) with n replaced with k. Similarly the eigenvectors Φ ±, k of H † , which together with Ψ ±, k form a complete biorthonormal system, are obtained by setting n = k in Eq. (29) . The biorthonormality and completeness conditions (6) become
where ǫ, ǫ ′ = ±.
One can repeat the analysis of [14, 15, 16, 17] for this case and show that because the spectrum of H is real, it must be Hermitian with respect to a positive-definite inner product,
In view of Eqs. (49), we also have
Using this identity and the second equation in (48), we can expression (50) in the form
which coincides with the last equation in (30) . This in turns means that expressions (32) and ( alternatively with the Laplacian ∇ 2 . In view of (36), we have
where α ± ( k) are positive real coefficients.
Next, we compute the inner product of the basic (free particle) solutions:
where N ǫ, k are normalization constants. Using Eqs. (39), (46), (48) and (53), we find after a straightforward calculation
where we have used the abbreviation α ± for α ± ( k). As both α ± are positive real numbers and the right-hand side of Eq. (55) does not involve x 0 , this equation provides an explicit demonstration of the invariance and positive-definiteness of the inner product (( , )).
Having obtained the inner product for the basic solutions, we can compute the inner product for any two solutions:
where i = 1, 2 and c i (ǫ, k) are complex coefficients. In view of Eqs. (55) and (56) and the fact that (( , )) is a Hermitian sesquilinear form, we have
Next, we wish to recall that one of the appealing properties of the Klein-Gordon inner product is that it is relativistically invariant. The class of the invariant positive-definite inner products that we have constructed above also include relativistically invariant members. These correspond to the choices for α ± that make the right-hand side of (57) a Lorentz scalar. Supposing that the basic solutions (54) are scalar, we see that the normalization constants N ±, k must also be scalar. On the other hand, we know that d 3 k/ω k is a relativistically invariant measure [31] . Hence in view of (56) and the fact that the solutions ψ i are scalars, we infer that c i obey the same Lorentz transformation rule as ω
. This in turn implies that in order for the inner product (57) to be scalar, α ± ( k) must transforms as ω k . In particular, we have
where a ± are dimensionless positive real scalars (numbers). Under the condition (58), (( , )) is not only an invariant and positive-definite inner product, but it is relativistically invariant as well.
Substituting (58) in (53) and using (48), we find
This in turn implies that the general form of the inner product (39) that is relativistically invariant is given by
As seen from this equation, for the Klein-Gordon fields, the set of invariant positive-definite inner products that are relativistically invariant form a two parameter family of all the invariant positive-definite inner products.
Because the Klein-Gordon equation is homogeneous, two solutions that differ by a multiplicative constant are physically equivalent. This means that one can always absorb the first parameter, namely a + + a − which is positive, in the definition of the fields. Alternatively, one may obtains the physically distinct inner products (60) by fixing the value of a + + a − . This leads to the following theorem.
Theorem IIX: There is a one-parameter family of physically distinct, invariant, positivedefinite, and relativistically invariant inner products on the space of solutions of the Klein-Gordon equation (44) 1) . Specifically, such an inner product has the general form
where a ∈ (−1, 1).
Proof: Setting a + + a − = 2, introducing a := (a + − a − )/2, and using (60), we obtain (61) and the condition that |a| < 1.
Next, we wish to address the problem of the nonrelativistic limit of the inner products (39) and specifically (60). In order to do this we take two Klein-Gordon fields ψ i and let
In the nonrelativistic limit where c → ∞, χ i may be shown to satisfy the nonrelativistic free Schrödinger equation [30] , i.e.,χ i = i∇ 2 χ/(2µ). Using this equation together with (62) and doing the necessary algebra, one can show that the nonrelativistic limit of the inner product (39) is
In particular, if we demand relativistic invariance, i.e., enforce Eq. (59), we have A + = a + D 1/2 /µ. But in the nonrelativistic limit, D 1/2 ψ 2 ≈ µψ 2 . Therefore, the nonrelativistic limit of the inner product (60) is
Again we can absorb a + in the definition of ψ i and find that
This equation shows that the nonrelativistic limit of the inner product (61) is the L 2 inner product of nonrelativistic quantum mechanics. Therefore, besides its invariance, positivedefiniteness, and relativistic invariance, the inner product (61) also has the correct nonrelativistic limit.
Finally, we wish to compare our results with those of Woodard [11] . Woodard's inner product, in our notation and conventions, has the form
where ψ ± i is the ± energy part of ψ i . We can easily compute the Woodard inner product of two basic solutions (54). The result is
Comparing this expression with (55), we see that Woodard's inner product corresponds to setting α ± = µ −1 ω k . In view of (58) and (59), this implies that Woodard's inner product is a special case of the relativistically invariant inner products (61) corresponding to choice a = 0, i.e.,
Note also that although expressions (68) and (66) are equivalent, the latter does not involve the explicit splitting of ψ i into positive and negative energy parts.
Minisuperspace Wheeler-DeWitt Equation
Consider the Wheeler-DeWitt equation for a FRW model coupled to a massive real scalar field ϕ of mass m,
where α := ln a, a is the scale factor, κ = −1, 0, 1 determines whether the FRW model describes an open, flat, or closed universe, respectively, and we have chosen a particularly simple factor ordering and the natural units, [10, 3] . The Wheeler-DeWitt equation (69) also belongs to the Klein-Gordon type equations studied in Section 4. We can write it in the form (17), if we identify α with the time variable and let
This operator is essentially the Hamiltonian operator for a time-dependent simple harmonic oscillator. It acts in the Hilbert space L 2 (R) and has a nondegenerate discrete spectrum.
Therefore, we can directly apply the results of Section 4.
We can readily solve the eigenvalue equation (23) for D. This yields [32] ω n = m e 3α (2n
where n = 0, 1, 2, · · · , H n are Hermite polynomials, and N n := [m e 3α /(π2 2n n! (40) and making use of (39) we find
Conclusion
In this paper we have given a complete solution of the problem of determining the most general invariant positive-definite inner product on the space of solutions of a Klein-Gordon type field equation. Our solution relies on the following basic observations. 4. The Hermiticity of the Hamiltonian does not ensure the unitarity of the evolution for a
Hilbert space that has a time-dependent inner product.
We started our analysis by addressing the issue of characterizing the invariant inner products that support a unitary evolution for a time-dependent pseudo-Hermitian operator. This problem is related to the apparently unexplored difficulties of formulating a unitary quantum mechanics in a time-dependent Hilbert space. We then considered the Klein-Gordon type equations (17) and showed how the machinery of the theory of pseudo-Hermitian Hamiltonians could be used to construct the most general invariant positive-definite inner product on the solution space of such equations. In particular, we explored the instructive example of a classical simple harmonic oscillator with both time-independent and time-dependent frequencies. We then applied our results to the free Klein-Gordon equation in 3+1 dimensions. We constructed the most general invariant positive-definite inner product for the Klein-Gordon fields and obtained the physically distinct, invariant positive-definite inner products that are also relativistically invariant. We explored the nonrelativistic limit of these inner products and showed that in this limit they tend to the L 2 inner product of the nonrelativistic quantum mechanics. We also compared our results with those of Woodard [11] and found that as we expected Woodard's inner product is a special case of ours. Finally, we considered the application of our method to the Wheeler-DeWitt equation for the FRW-massive-real-scalar-field models that are of interest in the context of inflationary cosmology. For these models we showed that there is a countably infinite set of invariant positive-definite inner products provided that the universe is open or flat or that we take the initial scale factor to be less than the mass of the scalar field (in natural units).
We conclude this paper with the following remarks.
-Our results are obtained regardless of any qualitative arguments. Therefore, they have the advantage of providing a framework for imposing various physical restrictions to identify the 'most appropriate' inner product.
-Each choice of the invariant positive-definite inner product corresponds to a Hilbert space structure on the solution space of the field equation. This in turn allows for introducing the observables of the theory as the Hermitian operators acting in the Hilbert space.
Furthermore, one can address a variety of physical problems such as the wave-packet dynamics, semi-classical evolutions, etc.
-In our analysis we did not pay attention to the technical issues such as the domain of the operators. For the specific applications that we considered here these issues turn out not to be important. Yet for more general situations one would need a more rigorous treatment.
-As shown in [28, 27] , the two-component form of the Klein-Gordon equation may be easily generalized to arbitrary (possibly non stationary) curved backgrounds. Therefore, the method proposed in this article has a wider domain of application than the models considered here. We leave a more comprehensive study of these applications in particular in connection with quantum cosmology for a future publication.
